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Abstract 
 
In this paper we consider the flow of non-Newtonian fluid governed by 
Revilin-Erickson constitutive equation between two parallel disks, which are 
either moving towards each other at constant velocity or moving away from 
each other at constant velocity. The current problem finds application in 
processes of flow of liquid through hydraulic pump, ground water flow, 
pumping of blood through heart, much class of processes in chemical and 
Mechanical engineering. Exact solutions of Navier Stokes equations 
determine the possible condition for the motion in both stationary and 
transient cases. We have carried out stability analysis of stationary solution 
for jets with different initial perturbations. Different types of stability criteria 
were found when the disks are moving towards each other or away from each 
other in both the stationary and transient cases. 
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1. Introduction 
 
The flow of non-Newtonian fluids has gained considerable importance 
owing to its applications in engineering and industry like polymers,  
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suspension of particles in liquids, plastic and synthetic fibers, rubber, 
petroleum, soap and detergents, pharmaceuticals and biological fluids paper 
pulp, printing materials and squeeze flow of slurry. The study of non-
Newtonian fluid flow through porous media is of significant interest in oil 
reservoir engineering.  
Craik et al [4] has described the method of an exact solution to the 
Navier-Stokes equations. Similarly Muhammad Ali et al [7] has described the 
method of solutions to steady non-Newtonian second-grade creeping flow, 
which inspired to find a similar solution to the Revilin-Erickson equation of 
unsteady non-Newtonian fluids. 
In this paper we are considering the Rivlin and Ericksen fluids. Rivlin and 
Ericksen assume that in a Viscoelastic fluid, the stress at a point depends 
upon the velocity gradients, the acceleration gradients, the second 
acceleration gradients and so on. On invoking the principle of material 
objectivity and assuming the fluid to be. S. Asghar et al [10] worked out the 
moving boundary with a non-Newtonian fluid in the unidirectional, but we 
consider the moving disks in a plane. Physically this corresponds to the 
pumping of the slurry in the tank. 
From the mathematical point of view, there exists a large class of process 
such that the motion of liquid between two parallel disks, moving towards 
each other or in opposite directions with a constant velocity. These include 
such processes as the motion of liquid through a hydraulic pump, digging 
through slurry and the motion of underground water can also be described 
with a help of the current model (figure1). It is observed for the different 
types of hydro dynamical problem, the mathematical descriptions are the 
same. So it can be explained to the water motion in a hydraulic pump (when 
impermeable disks are moving toward or away) similarly to the motion of 
underground water (when permeable disks are fixed). The second case is due 
to the water motion through porous media. These problems are interesting 
because some of their solutions, through analytically obtained. 
Suppose two parallel disks are placed in water and start moving them 
towards each other or in opposite directions assuming the length of the disks 
to be much larger than the distance between them. Even with a bigger view, 
we can see that when the disks are approaching each other the effort required 
is smaller than that for separation when the disks are moving apart. This can 
be explained by the different types of the fluid motion; when the disks are 
moving towards, it is potential; when the disks are moving apart it is 
rotational. 
This is similar to the explanation of the types of possible instability of 
motion. Craik et al [4] described a procedure for finding classes of exact 
solutions of the Revilin-Erickson equation of unsteady non-Newtonian fluids. 
These solutions consist of a basic flow with spatially uniform rates of strain, 
disturbance of a planar form and a series type. The disturbance is 
continuously disturbed by the basic flow but not remains of planar form at all 
times, which is similar to the formulation was given by Lagnado et al [6]  
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           Figure 1: (a) Moving impermeable disks and (b) Moving permeable disks. 
 The aims of this paper are in two steps. The first is to generalize the 
results of Craik [4] in a case of plane-wave superposition. The second is to 
find the possible forms of the jet solutions which are generated as a result of 
the instability development. 
 
 
2. Formation of the problem 
 
 Consider the motion of Viscoelastic incompressible fluid between two 
infinitely long parallel disks moving towards each other. The disks are at 
distance 2d  apart, also d pp l (where d  is the distance between the disks, 
and l  is the length of the disks). Let us assume that the disks move with a 
velocity q  in z-direction and the horizontal velocity does not depend on the 
vertical coordinate. In this case the Navier-Stokes equations for the non-
Newtonian fluid will take the following form. 
                                  2u v q
x y
∂ ∂+ =∂ ∂                                                                 (1) 
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1 12 2
u u u p u uu v K S
t x y x x y
ν β γ
2⎡ ⎤∂ ∂ ∂ ∂ ∂ ∂+ + = − + + + +⎢ ⎥∂ ∂ ∂ ∂ ∂ ∂⎣ ⎦
               (2) 
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2⎡ ⎤∂ ∂ ∂ ∂ ∂ ∂+ + = − + + + +⎢ ⎥∂ ∂ ∂ ∂ ∂ ∂⎣ ⎦
               (3) 
Where the velocity components are represented by  ( ) 222),,(    &    2    ),,(    ,, zqtyxppqzwtyxvvtyxuu −=−===  
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here A, B are components of acceleration vector  given by  
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           yxt vuuuuA ++=  and yxt vvuvvB ++=  
The momentum equations (2) & (3) reduces to 
1 2 1 2                                              
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The vorticity ω  function is defined as ,   u v
y x
ω ψ∂ ∂= − = Δ∂ ∂  
Therefore, the vorticity equation is  
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Substituting equations (5) and (6) in equation (4) we get  
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                                                                                 (7) 
3. Method of analysis 
 
     For the further study let us consider the potential component of the 
velocity with flow function and the vorticity are 
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∂+= ψ ,              
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qyv ∂
∂−= ψ ,       
2 2
2 2y xu v y x
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To investigate the stability let us consider the periodical one-dimensional 
perturbationδψ . This perturbation is expressed by the following equation; 
 ( )xtktAtk )(cos)()(2−=δψ  
 
Hence ( )1,    ( ) ( ) sin ( )u qx v qy k t A t k t x−= = +   
To see the change of the vorticity in this duration we put the stream function 
δψ  into equation (7) and comparing the coefficients of ( )xtkx )(sin  and 
( )xtk )(cos on both sides we get  
 
                                       ( )2 ( ) 1 ( ) ( ) 0dkk t A t qk tdtβ ⎡ ⎤− + =⎢ ⎥⎣ ⎦  
 
On solving the above equation we get 
 
         β
1)( ±=tk    or   ( ) (0) qtk t k e−=  
Also, for β
1)( ±≠tk   and qtektk −= )0()(   
( ) { }2 2 2 2(0) 1 ( ) 2 (0) 4 ( 0qt qtdAk e A t q k e qdtβ υ β γ− −⎡ ⎤− − + − + =⎣ ⎦  
Which leads to the solution 
2 4
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2 2
(0) 1( ) (0)
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q q
q
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kA t A e
k e
υ β γ
ββ
β
⎧ ⎫− −⎨ ⎬⎩ ⎭−
−
⎡ ⎤−= ⎢ ⎥−⎣ ⎦
    (8) 
Where )0(  ),0( Ak  are free constants, determining the wavelength and 
amplitude at the initial point of time. The sign of q  in equation (8) 
determines the stability of the solution 0=ψ . For 0fq   the solution is 
stable. Since the amplitude ( )A t  is decreasing; otherwise, the solution is 
unstable, the amplitude ( )A t  is increasing. However, for  0<q  the solution 
is unstable only until )0(
2
)(4
2
1 2k
q
qLn
q
t ⎭⎬
⎫
⎩⎨
⎧ +−= γβυ  
i.e., 0<q  the solution is unstable only until )0(
2
)(4
2
1 2k
q
qLn
q
t
⎭⎬
⎫
⎩⎨
⎧ +−= γβυ , 
after which the amplitude decreases rapidly, owing to dissipation. 
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4 Results and discussions 
 
          For 0fq  the solution is stable in both the amplitude and the wave 
number ( )k t . Since ( )k t  is decreasing in the course of time. For 0pq  the 
solution is unstable up to certain time. Since the amplitude increases 
until )0(
2
)(4
2
1 2k
q
qLn
q
t
⎭⎬
⎫
⎩⎨
⎧ +−= γβυ , after which arising to dissipation it 
decreases rapidly. The wave number ( )k t  increases in the course of time. The 
new and interesting fact which has been discovered in the course of this 
research is that the wave number ( )k t , corresponding to the time  
)0(
2
)(4
2
1 2k
q
qLn
q
t
⎭⎬
⎫
⎩⎨
⎧ +−= γβυ  is not dependent on the initial conditions 
and is equal to { })(4
2
γβυ +−= q
qk  .  
It should be noted that in each of the cases investigated 0fq corresponds to 
the situation when the disks are moving towards each other and 0pq  to the 
situation when the disks are moving apart. 
 
 
5. Stationary solutions in the form of jets 
 
    So for, the solution 0=ψ , corresponding to the liquid motion near a 
stagnation point, has been considered. It is also suitable to find and verify 
other stationary solutions, such as jets. Let us consider the flow function in 
the following       
                                                    ( ) ( )xF y yψ ϕ= +                                        (9) 
Therefore  
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comparing the coefficients of x and without x terms on both sides we get 
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We consider the particular case when the analytical solution of equation (11) 
is ayF = . In this case (12) will take the following form  
                      ( ) ( 6 4 ) ( ) 2V IVq a y q q q a y qβ ϕ υ β γ ϕ ϕ ϕ′′′ ′′− + + + = − +              (13) 
On integration 
212)()424()( cycqyaqqaqyaq +=−′−−′′++++′′′− ϕϕϕγββυϕβ  
By the initial conditions we have 0)0()0()0()0(    ,0 =′′′=′′=′== ϕϕϕϕy  
Then the above equation becomes     
               ( ) ( 4 2 4 ) ( ) 2 0q a y q a q q a y qβ ϕ υ β β γ ϕ ϕ ϕ′′′ ′′ ′− + + + + − − − =           (14) 
For this ,0=y  is a regular singular point. 
Therefore assume the series solution as ∑∞
=
+=
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n
nm
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Then the equation reduces to 
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Comparing the lowest degree terms we get ( )[ ] 0442))(()1)((0 =++++−− γββυβ qaqmaqmma  
If  00 ≠a  then 0=m  or 1=m  or ( ))(
442
aq
qaqm −
+++−= β
γββυ  
Again comparing the next highest degree terms on both sides ( )[ ] 0442)1)(()(1 =+++++−+ γββυβ qaqmaqmnma  
For 0=m  then 01 ≠a  
For 1=m and ( )
)(
442
aq
qaqm −
+++−= β
γββυ  then 01 =a  
Comparing the coefficients of rmx + on both sides we get  
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0
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6. Conclusions 
 
 In this investigation, we came to know that, if the disks are moving 
apart ( 0pq ) the non-Newtonian fluid is unstable up to certain 
time )0(
2
)(4
2
1 2k
q
qLn
q
t ⎭⎬
⎫
⎩⎨
⎧ +−= γβυ  then it is stable there after words. This 
is because of the wave number ( )k t  increases in the course of time. But in 
case of the disks are moving towards each other ( 0fq ) the non-Newtonian 
fluid is stable with both the amplitude ( )A t  and the wave number ( )k t at all 
time. 
 For a stationary solution near a stagnation point such as transient jets 
are considered with a flow function. Then we derived a series solution.  
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